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Abstract. The quantum R matrix for Cartan’s exceptional simple Lie algebra G, in its
seven-dimensional (minimal) representation is presented. The R matrix is determined
through the irreducible decomposition of the tensor modules over the quantised universal
enveloping algebra U,(G;). This defines a new solvable seven-state 175-vertex model on
the planar square lattice whose Boltzmann weights satisfy the Yang-Baxter equation. For
the equivalent face model, the local state probability is obtained in terms of a relative of
a level-1 string function related to the affine Lie algebra pair B{"' > G5".

1. Introduction

Quantum group structures are playing important roles in many branches of mathemati-
cal physics. They have been a key to understanding the intimate relation among the
recent developments in conformal field theories, operator algebras, link invariants and
solvable lattice models. Study of the Yang-Baxter equation (YBE) is one origin of the
basic notion of quantum groups, i.e. deformations of the universal enveloping algebras
[1]. Given a simple Lie algebra g, the quantum group corresponds to a specific
one-parameter deformation U,(g) of the universal enveloping algebra maintaining the
Hopf algebra structure. The representation theory provides a systematic method for
building the quantum R matrices, leading to a large family of trigonometric solutions
of the YBE. A class of the quantum R matrices has been constructed along this line
for Lie algebras of classical type; sl(n), so(n) and sp(2n) [2, 3].

The purpose of this paper is to study an exceptional case. Namely, we determine
the explicit form of the quantum R matrix for Cartan’s exceptional simple Lie algebra
G; in the fundamental seven-dimensional representation. As a result, a new solvable
vertex model on the two-dimensional square lattice is obtained. The physical degree
of freedom on each bond assumes seven possible values, corresponding to the weights
of the representation. There is a constraint that the total weight of the left and the
lower bonds of a vertex is equal to that of the right and the upper bonds. This yields
175 possible configurations round a vertex. To each of them a trigonometric function
of the spectral parameter is assigned as the Boltzmann weight so as to satisfy the YBE.

This paper is also concerned with an analysis of the physical properties of the
model. Following the line of the argument in [4], one can formulate the vertex model
as a face model on the dual lattice. An interesting problem is then to evaluate the
one-point functions called local state probabilities (Lsp). We shall work this out by
using Baxter’s corner transfer matrix (cT™) method [5]. A series of works [6-9] has
shown that the Lsp calculation is intimately related to the representation theory of
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affine Lie algebras. Our treatment here is the first one for exceptional Lie algebras.
We find that the Lsp is described by an embedding G}’ < BY{"’. Namely, the essential
part of the result is a level-1 string function [10] of G on a B}’ module viewed as
a GY"' module through the embedding. We remark that the applicability of the cT™
method is indeed due to a drastic simplification of the representation of U,(G.) at
g =0. This seems to provide a further insight into the quantum group, as well as the
connection to the affine Lie algebras. Actually, such a phenomenon has been studied
for U,(gl(n, C)) [11], where a relation was shown with the Robinson-Shensted corre-
spondence.

The organisation of the paper is as follows. In the next section we introduce the
basicingredients for characterising the quantum R matrix, e.g. the g-deformed universal
enveloping algebra U (G,), the fundamental representation and the irreducible
decomposition of the tensor product. We give the R matrix in the form of spectral
decomposition, which involves orthogonal projectors onto the irreducible components
of the decomposition. In section 3 we present a list of the g-Wigner coefficients
constituting the projectors. We also note some of their properties which will be utilised
in subsequent sections. Section 4 is devoted to the analysis of the resulting solvable
lattice model in statistical mechanics. Using the relevant result for a B} vertex model
in {4], we explicitly determine the Lsp in terms of string functions. In order to make
the descriptions seif-contained, we include two appendices. Appendix 1 is a brief
exposition of some of the results in [4] regarding the B}'’ vertex model. Appendix 2
describes the embedding G5’ < BY".

We note that the R matrix R(u, q) (u =spectral parameter) here extends those
described earlier in special cases; [12] (g =1) and [13] (Ju| > o). The eigenvalues of
the row-to-row transfer matrix have been discussed in [14].

Throughout the paper we assume that g is generic, i.e., ¢g#0 and ¢"#1,VneZ
and use the notation

_9 -9 T j - M -1 —1
[x1="— 7 ew=110-x)  EGx)=]l(1-2")1=2"x)(1-x).

q- j=1 j=1

2. The quantum R matrix

2.1. The algebra U,(G>)

Let us begin by recalling basic facts about G, and fixing some notation. The algebra
G, is a finite-dimensional simple Lie algebra associated with the Cartan matrix
(Ajisij=2, A= Ap=2,A,=-3,A;;=—1. The root system is well described by
drawing two equilateral triangles rotated from each other by 60 degrees around the
common centre (see figure 1). The four vectors pointing from the centre to the specified
points correspond to the simple roots «,, a, and the fundamental weights A, A,.
They are related as follows:

K,=2&,+3a3 /-X3=a1+2a3. (2.1)

We adopt the convention so that [long root|* = 2. Thus, for example, the inner products
(,) among the roots have the following values: (a,, )= 3(a,, a,)=2,(a,, a;) = —1.

For later convenience, we also introduce some notation for the affine Lie algebra
G5 [15]. Let Ay, A, and A, be the fundamental weights and & the null root. We set
p=Ao+A;+A;. Interms of the inner products among the classical parts A, (i =1, 2),
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a,

L

Figure 1. The simple roots a,, @, and the fundamental weights 1,, 1,.

we define those on the space ¥*=CA,®CA, ECA,DCS by
<A,,AJ>=</_\1‘, JT\j) f—\, =A1“<5, ADAg
(6,8)=0 (8, Ag)=(8, A =1 (8, A)=2.

The quantity (a, 8), ae * is called the level of a. Note that {p, 8)=4 is the dual
Coxeter number of the algebra G..

Now we proceed to the description of the algebra U, = U,(G,) and its representa-
tions. Consider an associative algebra generated by the elements X[, H, (i=1,2)
under the relations:

(2.2)

[H, H;]=0 [Hi, X7]==A; X7 [X7,X3]=0
3H —-3H H. —-H,

+ - 9 '—q ' + - g °—q -
X, X\l==—F5—=— [X:, Xol="—7—"7
X X = 9-q""

Ea ES 6 T * ES x 32 (2'3)
(X,)‘XZ—E—:]IX]XZXI+X2(X1)“=O

4 ) -

(X X7 - 41X X x5+ B (X X P X = LIXEX X+ X (X5 =0

Our U, is a g-analogue of the universal enveloping algebra of G, having the above
commutation relations and endowed with the Hopf algebra structure [16]. A charac-
teristic feature is the existence of the algebra homomorphism A, called comultiplication:

a:u,-U,®U,

A(H)=H®1+1®H, i=1,2

A(X; ) - Xi:@q—v(J/Z)H]+ q{J/Z)Hl®X1x

A(th)=X2r®q*4I/Z}H:_“_q(l/'ZrH:@Xzz.
It is known [17] for generic values of g that every finite-dimensional representation
of the simple Lie algebras naturally carries over to the one for their g-analogue defined
as above. In view of this, we shall write V, to represent the irreducible U, module

generated from the highest-weight vector v(A), where A€ {AA,+A,A5A,, A,€Z.0}
and v(A) defined (up to a constant multiple) by
2</\, al)

XTv(A)=0 Huv(A)="—""""1v(A) fori=1,2. (2.5)
<als ai>

(2.4)
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The seven-dimensional representation mentioned in the previous section is realised on
the highest-weight module V3,. The weights contained therein are all multiplicity free.
We name them ¢, (=3 =< pu =<3) as follows.

es3=A,=a,1t2a, £ ,=a, ta, E_ = Q>

(2.6)

E,=—€_, -3sus=3

Note the obvious relation e;=¢,+¢,. In the rest of the paper, we shall fix the
normalised weight vectors v, to have the weight ¢,. Let E,, (=3 < u, v <3) be a matrix
unit in End(V3,), i.e. E, v, =6,,0,. Then the representation matrices w(k) of the
generators k are

m(X7)="m(X])=E;+E__,
m(X3)="m{(X3)=E;+rEy+rE_,+ E_;_,

7T(H1)=_Ezz+En‘E—1~1+E—2—: (2.7)
m(H,) = —Ey;+Eyy—2E+2E - E_,.+E_,;
r=v[2]

where ' denotes the transpose. We will also need the representation of the root vectors
X and H, associated with the maximal root 6 = A, (V5 is the adjoint representation).
They are given by

W(X;)=IW(X§)=E—23+E—32 ”(He)zE~z—:+E—3—3_En“E:2- (2.8)

2.2. Characterisation of the quantum R matrix

Let R(u) = R(u, q) be an element of End( V5,® V3 ), where u € C is a spectral parameter.
The quantum R matrix corresponding to the pair (GY"', #) is the solution of the

following equations in End( V5,® V3,):

[R(u),A(U,)]=0 (2.9a)
Ru)(X5®qV Mt q g M@ X )
=(q_E“X,;@q(S/:’H”-f'q_m:)H"®X;)R(u). (29b)

Up to a normalisation, these are known to characterise the matrix R{u) uniquely due
to Jimbo [3]. Moreover, one can show that the solution to the equations satisfy the
YBE in End( V5,® V;,® V3,) (compare with [3])

(R(u)®1)(1®R(u+))(R(0)®1)=(1®R(v))(R(u+v)®1)1® R{u}). (2.10)

To solve (2.9), we first decompose the U,®U, module V{,® V3, into irreducible
modules with respect to A(U,):

Vi@ Vi, =V @ V@ V5,@ Y, (2.11)

which is parallel with the classical case g =1. Since R(u) belongs to the commutant
of A(U,) (2.9a), it must be of the form

R(u)= Y p(u)P,. (2.12a)
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Here the 2, are the orthogonal projectors onto the irreducible pieces V, and the
eigenvalues p(u) are the functions to be determined. The projectors will be described
in the next section. In particular, relations among the operators ?,X,®q'?'" 2.
and ?.,q VM@ X, P, are determined as in (3.6). Substituting (2.12a) into (2.9b)
and using (3.6), we get

[1+u][4+ul[6+u] for A =2A,

1= u)[4+ul[6+u) for A=A,
[4106)p\(u) = (14 ull4— ul[6+u] for A =1, (2.12b)

[1-u][4+ul[6—u] forA=0.

Here we have chosen a normalisation such that R(0) is the identity. The spectral
decomposition (2.12) recovers Reshetikhin's formula [13] in the limit g*" - cc:

lim [4)[6)(g—g)'q™ " R(u) ==Y e(A)g= VP, (2.13a)
g "> x A

c(A)=(A, A+2p) (2.13b)
E(ZK:)=€(O)=1 8(1‘&1):‘_8(1&2):_1. (2.130)

The eigenvalues of the constant R matrix (braid operator) are thus readily obtained
in terms of the Casimir values ¢(A).

3. The projectors and the g-Wigner coefficients

Here we explicitly construct the projectors 2, appearing in (2.12a) and exhibit the
resulting properties of the R matrix. A similar description can be found in [13].
Consider the irreducible decomposition (2.11). We denote by {v{*|l<i<dimV.} a
set of orthonormal weight vectors of V,. They are expressed in the form

V=Y Cil(g)v.®u, (3.1)
nv

where the g- Wigner coefficient C',))(q) is assumed to be zero unless ¢, + ¢, = the weight
of vi’"). (Note that the index i does not directly correspond to the weight.) From the

requirement that the v,*' and the v, are both orthonormal, we readily see that

) Ciﬂ\’f)*(q)cj()}l-)(q) =8;8\y (3.2)
my
where * stands for complex conjugation. The projector 2, is then given by
dim vV,
P= Z Z Cﬁ':ﬁ*(Q)CiK\A’(q)EM ®E,, (3.3)
i=1  puvkA

in which .2, =8, %, is evident because of (3.2). Combining this with (2.12a), we
get

R(ua Q)'—— Z R(u’ q)/.l.m()\Eu.x®EVA (3'40)

HUKA
where the matrix element is

dim v

R(ty @yer = Rty Qrpu =L o) Y CL¥(q)CL2Nq). (3.4b)
A i=1
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In fact, if v\"’ in (3.1) is a weight vector having the weight ¢, + ¢,, then so is the vector
2, C‘,“‘V’(q)v_y ®v_, withthe negated weight. Thus we present the orthonormal vectors
(3.1) corresponding to the non-positive weights. In the case that the dimensionality
of the weight space exceeds 1, there is an arbitrariness in choosing the weight vectors,
which does not affect the projector (3.3). The weight vectors for V;z, (dimension =27)

are as follows:

012 =1, @0, vyt = r_l(ql/zvz®vs+qu/2v3®v2)
U;z'\z) = r'l(q’/:v,@v;-* q—l,/2v3®vl) U;Zi:’ = 1)2® v,
U;Z\ ) [3] [r ( 1/-vz®v]+q—n/'201®vz)+qvo®va+q—103®vo]

. 4 2 ‘
p2N = (%) (Mg, ®@ v+ g 0:,® 1) — que®@ v3— ¢~ ;@ 1]

(2\ )_U|®U|

(2%, _

Vg \/[3—][ r g v @t g7 0@ v_) + 0@ vy + 0, @ 1)

Y 4 -3 / -
5= (L) @@+ g n®n - e ®ur g @)

02 = (g P ®u+ ¢ @) (3.5a)

- 2 1/2 _
viy = (%) (quo®@vi+q v ®vy)

(4]
(2]

B 1 _
p(2%) = m(r(q—q Ygr,® vo— g 've®v) +:= (g7 v, ®@ v+ g1 v3®v_2)>

2 1/2
vi3%) = ( 2] ) (P, ®v,+q 70, ®v_, +[2]ve® vy)

[3]04]
i, 1 ([4]
Dig = [2108] \[2] (q v ®@vyt+ g7 U%®U 3T gu @t g vz®v 2)

+(g-g 2(0®v —v,®@v)+(g— g ) 2]0® Uo)

21,)
s

1 , , .
= GV (B =@ =g @+ g e @t g 0@

+[4](CIVIU—1®UI+401®U—1_ v ® vy) ).
The weight vectors for Vx, (dimension = 14) are as follows:
vt = r (g 0@ v g 0@ v,)

(A —10 . —1/2 2
vy =r g7V, ®vy- ¢ 03Q 1))

p3) = [2][3 [H(0o® 03— 0;®00) + 47?0, @ v, - ¢° 0, @ 1]

d|

vyt = [2][3][q'“v_1®v3—q““v3®v_.+r(q"vo®v2—qv2®vo)]
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UgK = /[2][3] [q’”vq@vs—q"/':v3®v_:+ r(qﬂvo®vl_qvl®uo)] (3.5b)
v =r (g ol ® v — ¢ @ u )

A

Y =——1—-—— _ ! s —_
vy [z]m[qv_3®v3 q 0:@u_3t v, ® v, 1, ® v,

+2J (v ®v,~0,®v-) ~ (g~ g H[2]0® o]

s L ([4][6]
f o [21\[2][12]

+(g—q 2N ve®v—q 'v_, @ v, —qv,®v_,)].

The weight vectors for V3, (dimension=7) are as follows:

12
) (7' 0:® 03— quos® v+ ¢ v, ®v— g 0, ® v s

3 4 12 372 372 —
U;XZ)z(%) [r(qA/‘-Uz@vl_q 3/"01®Uz)'+"] 3”0®D3_q303®00]

it = ([3][8]) (g0 ®us= ¢ v:®v_)) + qu,® v, — g~ ' v, @ 1]
= <[3][8]> (0@ =g @)t g @ mg @] >
=< [4] ) (47703 @v—g°:® v+ ¢ v, @0, — ¢ Qv
[3](8]
+0,@v_y— v, ®v,+(g— g Hoy® vg).
The weight vector for V, (dimension=1) is
v§°’=(%%2—]>“ (@°10:®v_3+ 9 v_3®@ 0, - ¢ 0. ®@v_,— g *v_,® 0,
+qv,®v_;+q v, ® v~ v,® ). (3.5d)
Using (2.8), (3.3) and (3.5), one can show the following relations:
P X;@qVPHep =P g V@ X ;P #0 if Ae{2A,, A, As}
PX;@ gD =P g VX P g IV g (3.6)

if (A, A") or (A, A)e{(A,,2A,), (A;,2A5), (0, A}

All the other combinations 2., X;®q' > ®, and ?,q 2" @ X, P, are zero.
These relations, together with (2.9b) and (2.12a), yield the result (2.12b).
We now state some properties of the R matrix.

(i) R(u, q) v #0 iffe, +e,=¢,+¢, (3.7a)
R(u q)/.uzx/\ R(u q 1\u;u\x' (3'7b)

The support property (3.7a) is immediately obvious if we note that [R(u, g), A(H;)]=
0,i=1,2 in (29a). There are 175 possible choices of u, v, x and A satisfying this
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condition. On the other hand, (3.7b) holds due to the property Cil.(q)=

e(A)Cii(g™"), where the sign factor e(A) has been defined in (2.13¢). By direct
computation using (3.4b) and (3.5), one can also verify the following.

1/2
" 8.8« ~3(e
(11) R(_6_ u, q)uux/\ = (IJ'_> R(ua q)—x,u./\—u 8.74q 3w (38)
v&A
(iii) , lim_ZH ) R(u,q)w™'?=Y wHwE ®E,, (3.9a)
q-0,w=gqg Jix "3
where the function H(e,, ¢,) is defined by
0 if u<vw
H v) = .
(4, &) {l otherwise

with the two exceptions
H(e_;,&5)=-1 H(eg, g9) =0. (3.9b)

In fact, (3.9) is due to the fact that each weight space of the V., on the rRHs of (2.11)
is spanned by decomposable vectors (pure tensors) v, ® v, in the limit g 0. These
properties will be used in the evaluation of the local-state probability in the next section.

4. Related solvable lattice models and the local-state probability

4.1. A solvable vertex model and the face formulation

The quantum R matrix constructed in the previous sections gives rise to a solvable
statistical model, which we are now going to study. Consider a two-dimensional square
lattice £ with a fluctuation variable ‘" assigned to each bond i. We assume that a'”
takes the values in the set {¢,|—3 < u =< 3} of the weights in the fundamental representa-
tion. Let ¢,, ¢,, &, and ¢, be the weights on the left, lower, upper and right bond of
a vertex, respectively. To such a configuration round a vertex, we attach the matrix
element R(u, g),,,., (3.4b) as the Boltzmann weight. This yields a seven-state 175-vertex
model whose Boltzmann weights obey the YBE. It can also be formulated as a face
model following [4]. Let us consider the planar square lattice &' dual to the £ on
which the vertex model was defined. We put a site variable o'’ on each site i of £’
and let it range over the set I of the level-1 integral weights of the affine Lie algebra
GL", ie.

I= {aoA0+ alA] +£12A2|a0, a;,ac Z, a0+201+az = l}. (4.1)

We shall call an element of I a local state or simply state. For two states a and b, we
define an ordered pair (a, b) to be admissible if and only if b—a=¢, for some
—3 =< u=<3. Because of (2.6), the admissibility of (a, b) and (b, a) is equivalent. Let
a, b, ¢ and d be the states on the Nw, NE, s and sw corners of a face of ¥’. To such
a state configuration, we assign a Boltzmann weight W(a, b, ¢, d|u) via the rule
W(a, b, c, d|u)

R(u, 9) por ifb-a=¢,c—b=¢,,d—a=¢,,c~-d=¢,

= . (4.2)
0 otherwise.

Thus every adjacent pair of the states must be admissible in the above sense. From
the definition (4.2) and the YBE (2.10), it follows that the W(a, b, ¢, d|u) obeys the
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star-triangle relation [5]. Itis also easy to see the following properties of the Boltzmann
weights:

W(a, b, ¢, d|u)= Wi(a, d, c, blu) (4.3a)
=W(a+r,b+r,c+r,d+r‘u) Vrel (43b)
G 172
Wi(a, b, c,d|—6—u)=(g—:—6j> W(b, ¢, d, alu) (4.3¢)
Ga= —6¢a.p)
’ /2 . (4.3d)
lim W(a, b, c,d|lu)yw™"? = g, wH o

where H(b—a, ¢ —b) is given by (3.9b). These are direct consequences of (3.4b), (3.8),
(3.9) and (4.2).

Now we proceed to the evaluation of the local-state probability (Lsp) in this face
formulation. By definition, it is the probability of finding a site variable of %', say
o'", in a preassigned state a € I under certain boundary conditions:

Z= Z H W(U('), U_(i)’ o_(ki’ O_(I)Iu)
configurations faces (4 4)
P,,‘”=a=z_l Z S,y H W(O'(”, O'(J), O'(k), G'(I)‘u).
configurations faces

The star-triangle relation and the properties (4.3) imply that we can invoke the corner
transfer matrix method [5]. In the following we shall deal exclusively with the case
0<g<1,|g7?|<1. We fix the boundary condition to the ground states, i.e. those
configurations giving the maximal contribution to Z. In order to specify it, let us
consider the limit g > 0 keeping w = ¢ ~>“ fixed. From (4.3d) the system is then frozen
to those configurations invariant under the translation along the sw-NE direction.
These are labelled by a one-dimensional sequence of the states {o'|o'/' e, e
Z,(c'”, 0"y, admissible} sitting on the horizontal line containing o''’. Moreover,
by the assumption |w|<1, there are essentially the three following ground states
{00} ez k=0,1,2:

A if j=k mod?2
=1 for k=0,1
T {.\2 otherwise or ’ (4.5)
U'gj)=/\') V

L
Thus we consider the Lsp P(aloy) (k=0,1,2) under the condition that ¢’ = o/’ for
|jl»> 1. Applying the corner transfer matrix method, we deduce the following
expression:

P(aloy) = lim P,(ale ", o"™?) (4.6a)

Gafm(b —a,c— b’ ‘124)
2'a'elc;a’.fm(b_a’a c— b9 q24).
Here the function f,(vy,¢e,;q9) (meZ.,, yeZe +Ze,+Ze;=2¢,DZ¢,) is the one-
dimensional (1D) configuration sum:

Iy 05 @) =3 g=mm o>y, (4.7a)
The outer sum extends over y'/’e{¢,|-3<v=<3} (1<j<m+1) under the constraint

P,.(alb, c)= (4.6b)

[} gkt

y =y YTl =¢,. (4.7b)

J=1
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4.2. The one-dimensional sum and string functions

The 1D sum (4.7) exhibits a connection of our model to the representation theory of
affine Lie algebras. It turns out to be a relative of the level-1 string function [10] of
G5 on B} modules. In order to state this, we have summarised the necessary
information about a B!/’ vertex model in appendix 1. The principal result therein is
that the 1D sum g, (£, €;; g) (A1.3) yields the string functions of the level-1 B}’ modules
L{w,), L(w,) and L(w,) as in (A1.6). On the other hand, for n =3 we can regard these
modules as G5'' modules through the embedding ¢*: G4’ B{" described in appendix
2. The resulting G4’ modules are no longer irreducible and the string functions on
them will become the linear superposition of (Al.6a) over the inverse image of the
map ¢ (A2.1). This has been exactly realised in the following relation between

Sy, £, x) and g, (& ¢,; x):
Sn(¥, eM;X)=§gm(§, e;x). (4.8)

On the RHs, ¢ is uniquely determined by ¢(e,) = ¢, (see (A2.2)) and the sum ranges
over {€Ze @Ze;®Ze; such that ¢(§)=vy (§+ &=y, &+ &=, if we write £=
Lie .t &eyt ey, y=v,e_+v6-,). The equality (4.8) directly follows from the
definitions and the fact that

H(e,,e,)=H(e,e) if ¢(e)=¢r,,d(e)=¢, (4.9)

(see (3.9b), (Al.3a) and (A2.2)). On the other hand, the ground states (4.5) and (Al.5)
are related to each other by

$(G) =0\ V,ez (4.10)

where 12=0, 1 and 3 for k=0,1 and 2, respectively. Combining this with (4.8) and
(A1.6), we find that the numerator of (4.6b) is proportional to (x = ¢g**):

lim x™ < (o™ —a, 0" =™ x)= Y Y dim L(wg)s-5x". (4.11)

x =
m-— aef, i

Here ac I and the set I, is defined by i = {A€Zwe@® ... DZw;|(4, 8 = 1, 6(4d)=a}.
Thus we conclude that our 1D sum (in the limit m - o) is the level-1 string function
of G on B}’ modules viewed as the G}’ modules through the embedding ¢*.

4.3. The local-state probability

Having established a characterisation of our 1D sum, we now turn to the Lsp itself.
By virtue of (4.11), the expression (4.6) is rewritten as follows:
Zaer, 2o dim L(wg)g-sq 4

3 dim L(wg),q~ % * 40"

P(aloy,) = (4.12)

In what follows we shall outline the calculation of the explicit form of P(a = a,A,+
a;A;+ a,As|oy). The other cases can be dealt with quite similarly. Consider the quantity
Sulog" ™ —a, 0" — (""" x) appearing in (4.11). For even m, this is equal to

gm(€ie)+ &0t Eres, ey x) (4.13)

Siréy=l-a-ayé tEH=1-2a,—a
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where we have used (4.5), (4.8) and eliminated a, by (4.1). Taking (A1.7) into account
with n=3,i=-1and }¢é—w [ =3=3[£,(& —2) + £3+ £3], we have the limit

. 2 2
llm m/f ( (m+1) ,o_é)mﬂ- )~0':),71+1); x)

m-x . melZ

=‘P(—\/;) Q Qo(\/—_) Z ( )E 3a (414)

X
20(x)* 22 ez

Q=%§I(§l _2)"‘%(61+2‘11+a:_1)2+%(§1+ax+‘12_1)2-

The summation is readily carried out by means of the formula [18]

Y (—2)k XK= E(g, x).

keZ
Thus we find that (4.14) is equal to

cp(—\/;)E(—x —2a,+3/2 3) QD(\/_) ( 2a2+3/2,x
Zso(x)

3
)x7af—3a az-'—a2 l/2

The expression can be further reduced thanks to the identity E(zx* x)=
(=z) *x k" D2E(7 x), Yk e Z. Calculation of the denominator in (4.6b) (or (4.12))
goes in a parallel way. Below we present the final results for the Lsp P(aloy) for
a=(1-2a,—a))Ao+a, A\ +aA>,a,,a,€Z,k=0,1,2:

2<p(:Fq]Z)E(:Fq ,q”) 6(a2a -1

Palon = aPlalon) = D.+D. if a,=0mod3
! 0 2¢(;q12)E(:Fq q72) 6(a’a py+3 OIhCrWiSC
D.+D_
(4.15qa)
E(-1,q7° .
E-Lg) = ) gstaza-poro if a,=0mod 3
P(a‘02)= E( (7)4 q72) (41517)
———-3)0’ Saza=py+2 otherwise
D.=¢(xq")E(zq’, ¢*)E(xq*, ¢*)E(xq'°, ¢**) (4.15¢)
Do=E(-¢°, ¢°)E(-q°, ¢*)E(-q"°, ¢**). (4.15d)
The Lsp (4.15) exhibit the behaviour
lim P(aloy) = 8,011 (4.16a)
g-+0
lim P(alo,) =0. (4.16b)
g1

This implies that our regime 0< g <1 is in a low-temperature phase whose boundaries
g0 and g -1 correspond to the low-temperature limit and the critical point, respec-
tively. When g 1-0,the Lsp P(a|oy)is of order In g. The difference P(a|a,) — P(alo,)
vanishes as (In q) exp[77°/(2881Ing)].
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Appendix 1. Relevant results for a B! vertex model

Here we recapitulate the 1D sum results in [4] for the Bm vertex model related to the
vector representation of B,. The affine Lie algebra B,'' is generated by the elements
H,, X7 (0<i<n)and d obeying the commutation relations

[A, H]=0 (A, X;1=%A,X] (X7, X71=6,H
[d X7]1=+8,X7 (ad X7)'"AR2=0 (i#)).
Here the Cartan matrix has been chosen as (A,,)0<,j<,,—25,, Biyju1— 8 (11 8;,)—
8128j0 — 8108;2+ 81,80, + 8081 ;. Let FH*=Cwy® ... ®Cw,DCS be the dual space of the

Cartan subalgebra % We introduce the orthonormal vectors ¢; (1=<i=n) in J* and
express the fundamental weights w; and the simple roots a; as follows:

(Al.1)

a
wi=wi_<wia d)wy
w,=e+...tTe 1sisn-1

@, =3e,+...+e,)

a

. (A1.2)

a, = €,

§=Ga,+a&,+2(a,+...+4,)

- 1 ifi=0,1,n
is 6 = .

(@i, ) {2 otherwise.
AAssuming linearity and <<§, 5)=0, (A1.2) defines the inner product {, ) on the space
*. We extend the index of the vector ¢, to —n <i=<n by setting e_; = —e;. Note that
{e;]-n<i=n} is the set of weights of the vector representation of B,. We introduce
an order < in the index set {—n,—n-+1,...,n} by 1<2<...<n<0<-n<
-n+1...<-1.

The 1D sum associated with the B!}’ vertex model has the form
gm(§3 e'.;q):Zqi,'ilﬂ:'(f'”,ﬁuﬂj). (A13a)

Here, meZ.,, —-n<isnand ({cZe®@ ... DZe,. The’outer sum is taken over ¢V e
{ex|-n<k=n}(1=j=<m+1)with the condition ZL, £/ = £ £V = ¢,. The function
H is defined by

ifi<j

otherwise

,. 0
H(ei’ ej)z{l

with the exceptions
(91, - =-1 I'Al(eo, e,) =0. (A1.3b)
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If we write €= &,e,+...+ £,¢,, the following explicit formula is valid:
b4 (E [ q) = Z* q:;l,__vu[p’(p[—l)r’Z*I:l(e/,e’)pl]—pAp_A [mi|
=11 ts p

{n ifi=0
1 otherwise.

(Al.4a)
A=

The sum 2* is taken with respect to the variables p,eZ.,, —n<j<n under the
constraint 2. _,p;=m and p;—p_,=¢ for 1<j<n The symbol ;] stands for g-
multinomial coefficient [18]

m (@) m
] o, @l (ALED)

The limit m > o of the 1D sum (A1.2) gives rise to level-1 string functions of the
affine Lie algebra B,”. Let L(w) be the irreducible highest-weight module with the
highest weight w. We set L(w),={ve L(w)lhv=pu(h)v for he #}. Define the
sequence {G)'},.z of the level-1 integral weights by

" if j=k mod 2
6 = {“’0 =~ mo for w = w, (k=0, 1) (ALS)
w, otherwise
= w, vj for w = w,.

Assuming that € Zw®.. . ®Zw,, {4, 5) =1 and w € {w,, w,, w,}, the main result for
the 1D sum is stated as follows:

lim g~ *'“'g, (6" =4, 6. " -6 q) =Y dim L(w)s-i5q" (Al.6a)
Umlw)= 3 JHG =6, 637 =60, (A1.6b)

Jj=1
The rHs of (Al.6a) is the B, string function [10] on the module L(w). In fact, by

taking the m - oo limit in (A1.4), the following explict formulae are available, including
(A1.6):

aoim o ghga(é e q)
rqu/z»\g—woi? ‘P(—‘/E) + (_l)sﬁo(\/a)

- 1+q7% l<isn
2e(q) NINCE
2
(/Di~w [F-n/8 ¢(q) .
q R —— i=0
e(g)"!
= { (Al.7a)
g G (e —n=i<-1
<P(Q)"*' —i<j<n
(1/2)é~w |2~1/2 <P(—\/5)+(—1)"¢(~/7i) .
q ! n+1 l=—1
\ 20(q)
where t,, and s are given by
m [P
'2—5_|, if i<0 .,
Ly = s=Y & (A1.7b)

m
3 (80,—1) otherwise
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Appendix 2. The embedding G{" = BY"

The embedding of the affine Lie algebra G3'' in B}' is the key to characterising our
1D sum (4.7). Here, the generators of G5'' satisfying (Al.1), but with (Ai)osij=2=
28, = 8,41 = 8,+1(1+28;5), will be denoted by x;, h, (0<i=<2) and d. Let ¥* be as
defined in appendix 1 with n =3, i.e. the dual space of the Cartan subalgebra for B".
We define a C-linear map ¢ : %* - ¥* by

d(wo)=A d{w)=A;
G0l T o ! ) (A2.1)
d(w,) = A d(w;)=A, d(3)=24.
Thus, in particular, we have the following by using (2.1), (2.2) and (A1.2):
€.,) =€z dle.,)=¢=
o(e) 3 2 (A22)
dle.r)=¢=, d(eg) =¢y.
This ¢ induces the map ¢*: G4 > BY" as follows:
6*(x5)=X; ¢*(ho) = H,
o*(x7) = X3 ¢*(h)=H
R v (A2.3)
¢*(x21)=X|+X3x ¢*(h2)=H1+H3
o*(d)=d.

The consistency of the commutation relations under (A2.3) can be directly checked.
Thus ¢* defined as above gives the embedding of the affine Lie algebra G’ B}'.

References

[1] Sklyanin E K 1982 Funct. Anal. Appl. 16 263, Funct. Anal. Appl. 17 273
[2] Bazhanov V V 1985 Phys. Lett. 159B 321
[3] Jimbo M 1986 Commun. Math. Phys. 102 537
4] Date E, Jimbo M, Kuniba A, Miwa T and Okado M 1989 Lett. Math. Phys. 17 69
[5] Baxter R J 1982 Exactly Solved Models in Statistical Mechanics (New York: Academic)
[6] Date E, Jimbo M, Miwa T and Okado M 1987 Phys. Rev. B 35 2105
[7] Date E, Jimbo M, Kuniba A, Miwa T and Okado M 1987 Nucl. Phys. B 290 231; 1988 Adv. Stud. Pure
Math. 16 17; 1989 Lert. Math. Phys. 17 51; 1989 C. R. Acad. Sci. Paris 308 129; 1989 Adyv. Stud.
Pure Math. 19 149
[8] Jimbo M, Miwa T and Okado M 1987 Leti. Marth. Phys. 14 123; 1988 Nucl. Phys. B 300 [FS22] 74
[9] Kuniba A and Yajima Y 1988 J. Phys. A: Math. Gen. 21 519; 1988 J. Stat. Phys. §2 829
[10] Kac V G and Peterson D H 1984 Adv. Math. 53 125
[11] Date E, Jimbo M and Miwa T 1989 Representation of U, (gl(n, C)) at g =0 and the Robinson-Shensted
correspondence Preprint 656, RIMS
[12] Ogievetsky E I 1986 J. Phys. G: Nucl. Phys. 12 L105
[13] Reshetikhin N Y 1988 Quantized universal enveloping algebras, the Yang-Baxter equation and invariant
of links I, 11 Preprints LOMI
[14] Reshetikhin N Y 1987 Letr. Math. Phys. 14 235
[15) Kac V G 1983 Infinite Dimensional Lie Algebras (Boston, MA: Birkhauser)
[16] Drinfeld V G 1986 Proc. ICM Berkeley 1 798
{17] Rosso M 1988 Commun. Math. Phys. 117 581
[18] Andrews G E 1976 The Theory of Partitions (Reading, MA: Addison-Wesley)

—



